Abstract. We establish a necessary condition that an automorphism of a nontrivial finitely generated bi-orderable group can preserve a biordering: at least one of its eigenvalues, suitably defined, must be real and positive. Applications are given to knot theory, spaces which fibre over the circle and to the Heegaard-Floer homology of surgery manifolds. In particular, we show that if a nontrivial fibred knot has bi-orderable knot group, then its Alexander polynomial has a positive real root. This implies that many specific knot groups are not bi-orderable. We also show that if the group of a nontrivial knot is bi-orderable, surgery on the knot cannot produce an L-space, as defined by Ozsváth and Szabó.
Introduction
Orderable groups have recently found interesting applications in topology, for example in the study of foliations and similar structures on 3-dimensional manifolds [3, 4, 25] , the existence of mappings of nonzero degree [2, 27] , in the theory of braids [6, 7] , knot theory [13, 16] and dynamics [9, 18] . There is also evidence that Heegaard-Floer homology is connected with orderability of the fundamental group of a closed 3-manifold [20, 24, 28] . In this paper we provide further evidence.
It is known that all knot groups are left-orderable [2, 12] and that some knot groups enjoy orderings which are invariant under multiplication on both sides. In [22] it was shown that if a fibred knot's Alexander polynomial has all roots real and positive, then the knot group will be bi-orderable. One of the main results of the present article is a partial converse: Theorem 1.1. Suppose that K is a nontrivial fibred knot in S 3 and the group π 1 (S 3 \ K) is bi-orderable. Then the Alexander polynomial ∆ K (t) must have at least one root (actually two) which is real and positive.
That criterion establishes that many fibred knots' groups cannot be biordered. See the last section of this paper for examples. A consequence of this pertains to Heegaard-Floer homology. Ozsváth and Szabó [21] define an L-space to be a closed 3-manifold M such that H 1 (M ; Q) = 0 and its Heegaard-Floer homology HF (M ) is a free abelian group of rank equal to |H 1 (M ; Z)|. Lens spaces, and more generally 3-manifolds with finite fundamental group are examples of L-spaces. We are able to use their results and a theorem of Ni [19] to show the following. Theorem 1.2. Suppose K is a nontrivial knot in S 3 and the knot group π 1 (S 3 \ K) is bi-orderable. Then surgery on K cannot produce an L-space.
We also derive restrictions on fibred knots for which surgery produces a manifold with bi-orderable fundamental group. Theorem 1.3. Suppose K is a nontrivial fibred knot in S 3 and nontrivial surgery on K produces a 3-manifold M whose fundamental group is biorderable. Then the surgery must be longitudinal (that is, zero-framed) and ∆ K (t) must have a positive real root. Moreover, M fibres over S 1 .
These are applications of the following, which is our main theorem. Theorem 1.4. Suppose an automorphism of a nontrivial finitely generated bi-orderable group G preserves a bi-ordering. Then its induced automorphism on the rational vector space H 1 (G; Q) must have at least one positive real eigenvalue.
The paper is organized as follows. Section 2 gives the definitions of orderable groups and their properties that we will need in the sequel. In section 3 we discuss eigenvalues and prove the main theorem. Applications to knot theory and fibred spaces are discussed in section 4, and in section 5 we give an application to Dehn surgery. Section 6 proves Theorem 1.2, stated in equivalent form as Theorem 6.1. In the final section we list prime knots of 12 or fewer crossings whose groups are known to be bi-orderable (there are just twelve) as well as the 487 fibred knots whose groups are known not to be bi-orderable according to our criteria.
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Orderable groups
A group G is left-orderable if there is a strict total ordering < of its elements which is invariant under multiplication on the left: g < h implies f g < f h for f, g, h ∈ G. It is easy to see that a group is left-orderable if and only if it is right-orderable. An ordering of G which is invariant under multiplication on both sides will be called a bi-ordering; if such an ordering exists we say that G is bi-orderable. Traditionally in the literature, such groups are called, simply, "orderable," but we will use "bi-ordering" and "biorderable" to emphasize the two-sided invariance. A mapping φ : G → G of ordered groups (G, <) and (G , < ) is order-preserving if g < h implies φ(f ) < φ(g). A subset S of a left-or bi-ordered group (G, <) is convex if s 1 < g < s 2 and s 1 , s 2 ∈ S, g ∈ G imply that g ∈ S. If C is a convex normal subgroup of G, an ordering of G induces an ordering of G/C by comparing representatives of cosets. This is well-defined and left-or biinvariant if the ordering of G is left-or bi-invariant. Moreover, if φ : G → G is an automorphism which preserves an order < of G and φ(C) = C for the convex normal subgroup C, then the induced map φ C : G/C → G/C preserves the induced order of G/C.
Given a left-ordering < on G, the positive cone is defined to be the set P = {g ∈ G|g > 1}. It satisfies (1) P is closed under multiplication and (2) for every element g = 1 of G, exactly one of g or g −1 belongs to P . Conversely, given a subset P satisfying (1) and (2), a left-ordering of G can be defined by declaring g < h if and only if g −1 h ∈ P . A bi-ordering is characterized by having a positive cone satisfying (1), (2) and (3) g −1 P g ⊂ P for every g ∈ G.
An ordering < of a group G is Archimedian if the powers of each of its nonidentity elements are cofinal in the ordering: if g = 1 and h ∈ G, there exists n ∈ Z so that g −n < h < g n . Following is one of the early and basic theorems in orderable group theory [11] (see e.g. [17] for a proof in English).
Theorem 2.1 (Hölder, 1901) . If G is a group with an Archimedian biordering <, then there is an injective homomorphism of G into the additive real numbers R which also preserves orderings (with the natural order on R). In particular, G is abelian.
Left-orderable groups are torsion-free, but not conversely, and have good algebraic properties. For example, if G is left-orderable, then its group ring ZG has no zero divisors -a property conjectured to be true for all torsionfree groups. For abelian groups, being left-orderable is of course equivalent to being bi-orderable, which is also equivalent to being torsion-free. Example 2.2. Consider the group G = Q n , for which we will use additive notation. Choose real numbers α 1 , . . . , α n ∈ R which are linearly independent when considering the real numbers R as a vector space over the rationals Q. Then there is an embedding φ of G into R by the formula:
Define an ordering < of G by declaring g < h if and only if φ(g) < φ(h) in R. Since the natural ordering of R is Archimedian, this defines an Archimedian bi-ordering of Q n . In fact, by Hölder's theorem, all Archimedian bi-orderings of Q n are of this form. The positive cone of this ordering may be regarded geometrically as all points of Q n which are on one side of the hyperplane in R n defined by the normal vector (α 1 , . . . , α n ). The only convex subgroups relative to this ordering are {0} and Q n . Also note that φ is continuous, relative to the usual topologies of Q n and R.
By contrast, we can define a non-Archimedian bi-ordering ≺ of Q n using the usual ordering of Q and ordering vectors lexicographically:
if for some j we have x i = y i for i < j and x j < y j . Relative to this ordering there are n + 1 distinct convex subgroups C j , j = 0, . . . , n. Here C 0 is the trivial subgroup, C n = Q n and for 0 < j < n, C j is defined by the equation x 1 = · · · = x n−j = 0 and has dimension j.
An easy argument shows that under any bi-ordering of Q n , a convex subgroup must actually be a vector subspace.
Orderability of groups is obviously inherited by subgroups, but not necessarily by quotients (unless the kernel is convex in some ordering). The following are standard facts in ordered group theory, but we include proofs for the reader's convenience. Lemma 2.3. Suppose H is a normal subgroup of G and both H and G/H are left-orderable. Then G is left-orderable. If both H and G/H are biorderable, then G is bi-orderable if and only if some bi-ordering of H is preserved under conjugation by all elements of G.
Proof. Define a positive cone P for G to be the union of the positive cone of H and the preimage of the positive cone of G/H under the projection. It is routine to check that P satisfies the conditions (1) and (2) above (and (3) in the bi-ordered case). If G is bi-orderable, then the ordering restricted to H is clearly preserved by conjugation.
Note that in this proof, H is convex in the ordering constructed for G. Lemma 2.4. If G is a finitely-generated nontrivial bi-orderable group, then for any given bi-ordering < there exists a unique maximal convex subgroup
Proof. Let g 1 , . . . , g k be a generating set for G, with k minimal. We assume without loss of generality that for a given bi-ordering < we have 1 < g 1 < · · · < g k . Let C be the union of all convex subgroups of G which do not contain g k . Any union of convex subgroups is a convex subgroup, so C is a convex subgroup and not equal to G, since it does not contain g k . Clearly any strictly larger convex subgroup will equal G. Since, for any two convex subgroups, one must contain the other, uniqueness of C is clear. If φ preserves <, then φ(C) is also a maximal proper subgroup, so φ(C) = C. In particular this applies to conjugation, so C is normal. The induced biordering of G/C is Archimedian (otherwise one would have a larger proper convex subgroup) so by Hölder's theorem G/C is abelian.
We will need to consider the tensor product of an abelian group A with the rational numbers Q (considered as modules over Z) and extend a biordering of A to a bi-ordering of A ⊗ Q. Using additive notation, given a bi-ordering < of A, and an element a 1 ⊗(p 1 /q 1 )+· · ·+a n ⊗(p n /q n ) of A⊗Q, we declare it to be in the positive cone of A ⊗ Q if and only if
in A, where q = |q 1 · · · q n |, so that the coefficients are integers. The following is easily checked.
Lemma 2.5. Considering the abelian group A as a subgroup of A ⊗ Q via a → a ⊗ 1, any bi-ordering < of A extends to a bi-ordering of A ⊗ Q by the recipe described above. If φ : A → A is an automorphism which preserves <, then φ ⊗ id : A ⊗ Q → A ⊗ Q preserves the extended ordering.
Eigenvalues
Let G be a finitely-generated group and φ : G → G an automorphism, or more generally, an endomorphism. Consider the commutator subgroup G of G, and the induced automorphism φ * of the abelianized group G/G . Tensoring with the rationals we obtain a linear map of finite-dimensional vector spaces over Q:
The eigenvalues of φ are defined to be the the eigenvalues of this linear map, that is the roots of its characteristic polynomial χ φ * ⊗id (λ) = det(M − λI), where M is a matrix representing φ * ⊗ id. Note that, by the universal coefficient theorem, we have G/G ⊗ Q ∼ = H 1 (G, Q) and the automorphism φ * ⊗ id is just the map induced by φ on rational homology.
Eigenvalues of automorphisms were considered in [15] , where the following was proved. Our main theorem will be a similar result for nonabelian groups.
Proposition 3.1. Let A be a torsion-free abelian group of finite rank and let θ be an automorphism of A. Then θ preserves a bi-ordering if and only if for each eigenvalue of θ, at least one of its Galois conjugates is a positive real number.
That paper also contains examples of two automorphisms of a free group, both of which have eigenvalues exactly the n-th roots of unity, for a given n ≥ 2. However, one of the automorphisms preserves a bi-order, while the other, which is periodic of period n, cannot preserve a bi-order. This shows in particular, that one cannot determine whether an automorphism of a finitely generated free group preserves a bi-order by looking at its action on the abelianization of the free group. On the other hand, we will see that if an automorphism has no positive real eigenvalues it cannot preserve a biordering. For the reader's convenience, we offer a special case of Proposition 3.1 sufficient for our purposes, and a different, topological, proof. Proposition 3.2. Consider the rational vector space Q n , where n is a positive integer, and let M : Q n → Q n be an automorphism represented by the nonsingular matrix M . If M preserves a bi-order of Q n , considered as an additive abelian group, then M has a positive real eigenvalue.
Proof. The case n = 1 is rather trivial, so we assume n ≥ 2. With the natural inclusion Q n ⊂ R n , M also represents an automorphism of R n . Let H ⊂ R n be the set of all x ∈ R n such that every neighbourhood of x contains points which are positive and points which are negative in the given bi-order of Q n . By Lemma 3.3 below, H is a subspace of R n of dimension n − 1, and its complement is the union of two disjoint open sets U + and U − , which intersect Q n in points which are, respectively, positive and negative in the given ordering. Also, H is invariant under the action of M .
H intersects the unit sphere S n−1 of R n in an (n − 2)-sphere, which separates S n−1 into two open disks of dimension n − 1, one of which lies in U − and the other in U + . Let D + denote the closure of the latter disk. Now M induces a continuous functionM : S n−1 → S n−1 by the formulâ
As M preserves the given ordering of Q n it also sends the closure of U + to itself, and thereforeM maps D + to itself. By a well-known theorem of Brouwer,M has a fixed point in D + , which corresponds to an eigenvector of M with positive eigenvalue. Lemma 3.3. As defined above, H is a subspace of dimension n − 1.
Proof. Let Q n + and Q n − denote the points of Q n which are greater (resp. less) than 0 in the given bi-ordering of Q n . Then
− with |x−x + | < and |x−x − | < } We first check that H is a linear subspace: (i) x, y ∈ H ⇒ x + y ∈ H: Let > 0 be given and choose x + and y + in Q n + so that |x − x + | < /2 and |y − y + | < /2. Then x + + y + ∈ Q n + and
Similarly, the neighbourhood of x + y contains points of Q n − . (ii) x ∈ H ⇒ −x ∈ H: This is left to the reader. (iii) x ∈ H, α ∈ R ⇒ αx ∈ H : By the above, we may assume α > 0. Given > 0, choose x + ∈ Q n + so that |x − x + | < /2α. Then choose r ∈ Q so that |α − r| < /2|x + | and r > 0. Then rx + belongs to Q n + and |αx − rx + | ≤ |αx − αx + | + |αx + − rx + | < /2 + /2 = .
Similarly for points of Q n − . We've established that H is a linear subspace of R n ; it remains to establish its dimension. The complement of H is the union of two disjoint open sets: the set U + of all x ∈ R n such that some neighbourhood of x intersects Q n only in points of Q n + , and U − defined similarly, for points of Q n − . We must verify that, in fact, U + and U − are nonempty. To that end, referring to Lemma 2.4 and Example 2.2, consider the maximal proper convex subgroup C ⊂ Q n , which is a subspace, the projection π : Q n → Q n /C and the embedding φ : Q n /C → R given by Hölder's theorem. Both maps are continuous, and (φπ) −1 (0, ∞) is a nonempty open subset of U + . Similarly, U − is nonempty. Since H separates R n into two components, its dimension must be n − 1.
We can now prove the main result of this paper.
Theorem 3.4. Suppose G is a nontrivial finitely generated bi-orderable group and that φ : G → G preserves a bi-ordering of G. Then φ has a positive eigenvalue.
Proof. If we knew that the commutator subgroup G were convex in the ordering, then we would be done, as we would have an induced bi-ordering of G/G preserved by the induced map φ * : G/G → G/G , and Proposition 3.2 would apply to φ * ⊗ id :
But unfortunately G need not be convex, so we use a somewhat different approach. Applying Lemma 2.4, let C be the maximal proper convex subgroup of G, with respect to the bi-ordering < preserved by φ. Since the quotient G/C is abelian, G is contained in C and we have a short exact sequence
of abelian groups. Moreover since φ(C) = C, we have induced maps
Note that the map φ C preserves the bi-ordering of G/C induced from the bi-ordering of G.
Writing U = C/G ⊗ Q, V = G/G ⊗ Q, and W = G/C ⊗ Q, tensoring with Q (which is a right-exact functor) yields the commutative diagram of finite-dimensional vector spaces over Q with exact rows:
where φ W = φ C ⊗ id and φ V = φ * ⊗ id. Let K denote the kernel of the quotient map V → W , and denote by φ K the restriction of φ V to the subspace K, which is easily checked to be invariant under φ V . Since every exact sequence of vector spaces splits we may write V = K ⊕ W and φ V = φ K ⊕ φ W . Therefore the characteristic polynomial of φ V factors as
By Lemmas 2.4 and 2.5, φ W preserves the bi-ordering on W induced by that of G. Now choose a basis for W and apply Proposition 3.2 to conclude that χ φ W (λ) has a positive real root. It follows that this is also a root of χ φ V (λ), and therefore an eigenvalue of φ.
The automorphism φ may also have eigenvalues which are not real. For instance, in the example of [15] mentioned above, the automorphism of the free group preserves a bi-order and has eigenvalues exactly the n-th roots of unity.
Dave Witte Morris has pointed out that Theorem 3.4 can be strengthened by replacing "bi-ordering" with the more general "Conrad ordering" [5] , such that to every pair g, h of positive elements there is a positive integer n such that (gh) n > hg, using essentially the same proof. We will not need this more general version here.
Fibrations and fibred knots
Suppose X is a topological space and f : X → X a continuous function. Then the mapping torus M f is defined by
where one makes the identifications (x, 1) ∼ (f (x), 0). An important instance is any space which is a (locally trivial) fibration over the circle S 1 , in which the total space can be regarded as the mapping torus of a homeomorphism f of the fibre. The map f is called the (topological) monodromy associated with the fibration, and is defined up to isotopy.
The fundamental group of a mapping torus is an HNN extension of π 1 (X). If f : π 1 (X) → π 1 (X) is the induced map (homotopy monodromy), then
We have an exact sequence This can be considered a partial converse to results of [22] and [23] which we state as follows: Theorem 4.5. Suppose Y fibres over S 1 with fibre F . Suppose π 1 (F ) is a finitely generated free group or the fundamental group of a compact orientable surface and that all eigenvalues of the homotopy monodromy f are real and positive. Then π 1 (Y ) is bi-orderable.
Recall that a knot K in S 3 , or more generally in a closed orientable 3-manifold M is fibred if M \K fibres over S 1 with fibres being open surfaces. It is well-known that for a fibred knot K in S 3 or, more generally, in a homology sphere, the Alexander polynomial ∆ K (t) is the characteristic polynomial of the associated (homotopy) monodromy. This implies the following. Theorem 4.6. Suppose K is a nontrivial fibred knot in a homology sphere and its knot group π 1 (M \ K) is bi-orderable. Then ∆ K (t) has a positive real root.
Theorem 4.5, on the other hand, implies that if all roots of a fibred knot's Alexander polynomial are real and positive, then its knot group is bi-orderable.
In fact, by the well-known symmetry condition of Alexander polynomials ∆ K (t) will have two positive real roots (mutual reciprocals) if it has one. Since ∆ K (1) = ±1, t = 1 is never a root. Among nontrivial prime knots of up to eight crossings, we have the following data, compiled with the assistance of the website knotinfo. Examples: Among prime knots of up to eight crossings, the unknot and the fibred knots 4 1 and 8 12 have bi-orderable knot groups. Their Alexander polynomials are: 
The polynomials of the remaining seven fibred knots up to eight crossings have both real and complex roots; we do not know if their groups are biorderable. The torus knots of type (p, q), where p and q are coprime integers greater than one, have Alexander polynomial
whose roots are all in C \ R, on the unit circle. The groups of torus knots are therefore not bi-orderable, a fact which was already known, as they are fibred and their monodromy is periodic.
The "Fintushel-Stern" knot [8] , also known as the pretzel knot of type (−2, 3, 7) , is well-known for several reasons, such as admitting seven exceptional surgeries (see Cameron Gordon's discussion in Problem 1.77 of Kirby's problem list [14] ). It is fibred and its Alexander polynomial is L(−t), where L is the Lehmer polynomial
which is the integral polynomial of smallest known Mahler measure [1, 10] . Among the ten roots of L, two are real, the Salem number 1.17628... and its reciprocal, and eight are complex, lying on the unit circle. Therefore the Alexander polynomial of the (−2, 3, 7) pretzel knot has exactly two real roots and they are negative. It follows that its knot group is not bi-orderable.
(We thank Liam Watson for pointing out this example.) Experimental evidence (see the final section of this paper) indicates that bi-orderability of the groups of approximately one-third the fibred knots can be decided by Theorems 4.5 and 4.6.
Surgery
We recall the definition of surgery on a knot K in a 3-manifold M . Consider a closed regular neighbourhood N of K, so that N ∼ = D 2 × S 1 and ∂N ∼ = S 1 × S 1 . If J is a homologically nontrivial simple closed curve on ∂N , it defines the surgery manifold:
where the boundaries are identified in such a way that J is sewn to the meridian
This manifold is well-defined by the isotopy class of J in ∂N , which in turn is determined by its homology class, up to sign, ±[J] = pµ + qλ, where p and q are relatively prime integers (possibly the pair {0, 1}) and µ, λ are a basis for the homology H 1 (∂N ) ∼ = Z ⊕ Z. By convention, we take µ to correspond to the meridian which bounds a disk in N , with some chosen orientation, and λ to be isotopic to K in N . There is a "framing" ambiguity for λ unless M is a homology sphere (that is, its homology groups coincide with those of S 3 ), in which case it corresponds to a curve on ∂N which is homologically trivial in M \ intN . With this convention one also refers to M (K, J) as the result of p/q surgery on K, where p/q ∈ Q ∪ ∞. The "trivial" surgery corresponds to ∞, in which case the surgery manifold is just M itself. See [26] for further information on surgery.
Theorem 5.1. Suppose K is a fibred knot in S 3 and nontrivial surgery on K produces a 3-manifold M whose fundamental group is bi-orderable. Then the surgery must be longitudinal (that is, 0-framed) and ∆ K (t) has a positive real root. Moreover, M fibres over S 1 .
Proof. Let M denote the result of p/q surgery on K in S 3 . We calculate, by a Meyer-Vietoris argument that H 1 (M ) ∼ = Z/pZ, which is a finite group unless p = 0. By property P, π 1 (M ) is nontrivial, so by Lemma 2.4 its biorderability implies that H 1 (M ) must be infinite, so we conclude that p = 0; the surgery curve J is a longitude. The neighborhood N of K for defining the surgery may be chosen so that S 3 \ intN fibres over S 1 with each fibre an oriented surface Σ with boundary ∂Σ a longitude parallel to J on ∂N . Now the solid torus D 2 × S 1 also clearly fibres over S 1 via projection onto the second coordinate, with fibre D 2 . Thus M may be fibred by matching these two fibrations, and the fibre is the closed surfaceΣ obtained by sewing a disk to Σ along their boundaries. The abelianizations of π 1 (Σ) and π 1 (Σ) coincide, and we see that the monodromies of the fibrations of M and S 3 \ K also coincide upon abelianization, and so have the same characteristic polynomial, which is ∆ K (t). By Corollary 4.4, this polynomial has a positive real root.
The following has almost the same proof.
Theorem 5.2. Suppose K is a fibred knot in a homology sphere and nontrivial surgery on K produces a 3-manifold M whose fundamental group is nontrivial and bi-orderable. Then the surgery must be longitudinal (that is, 0-framed) and ∆ K (t) has a positive real root. Moreover, M fibres over S 1 .
Similar considerations hold for higher dimensional fibred knots, although in that case the fibre may not necessarily have bi-orderable (or even torsion free) fundamental group. 
L-spaces
This section is devoted to the proof of the following theorem.
Theorem 6.1. If surgery on a knot K in S 3 results in an L-space, then the knot group π 1 (S 3 \ K) is not bi-orderable.
As noted in [19] , if surgery on a knot yields an L-space, then the knot is fibred and also an integer surgery on the knot produces an L-space. From [21] , we have the following theorem. Theorem 6.2. Let K be a knot in S 3 for which integer surgery on K yields an L-space. Then the Alexander polynomial of K has the form
for some increasing sequence of positive integers 0 < n 1 < n 2 < · · · < n k .
We will show that such an Alexander polynomial can never have a positive real root. Lemma 6.3. Suppose that α > 1 and s > t > 0. Then α s + α −s > α t + α −t .
Proof. For α > 1, consider the function f (x) = α x + α −x . It is continuous and differentiable for all x, with derivative f (x) = ln(α)(α x − α −x ). Since α > 1, both ln(α) and α x −α −x are positive whenever x > 0, hence f (x) > 0 for all x > 0, and so f is an increasing function on (0, ∞). Therefore, s > t > 0 implies f (s) > f (t), in other words α s + α −s > α t + α −t .
Proposition 6.4. Let 0 < n 1 < n 2 < · · · < n k be an increasing sequence of positive integers. Then the polynomial
does not have a positive real root.
Proof. Suppose α is a positive real root of ∆ K (t). We observe that α = 1 is not possible, because
which we may rewrite as ∆ K (1) = −1 + 2 · 1 = 1 if k is odd, and ∆ K (1) = 1 + 2 · 0 = 1 if k is even. Moreover, as ∆ K (t) is symmetric, α −1 must also be a root of ∆ K (t), and so we may assume without loss of generality that α > 1. First, we consider the case when k is odd, so that the quantity ∆ K (α) can be written as
Observe that α n 1 + α −n 1 − 1 > 0, since α > 1 and n 1 > 0. For integers i satisfying 1 < i < k, since α > 1 and n i+1 > n i we may apply Lemma 6.3 to conclude (α n i+1 + α −n i+1 ) − (α n i + α −n i ) > 0. Therefore the quantity ∆ K (α) can be written as
which is a sum of positive terms and so cannot be zero.
In the case that k is even, we may write the quantity ∆ K (α) as
which we may rewrite as
As in the case when k is odd, we apply Lemma 6.3 to conclude that this is a sum of positive quantities, and so cannot be zero.
This completes the proof of Theorem 6.1, since by the above the Alexander polynomial of a knot which produces an L-space cannot have a positive real root, and so the knot group is not bi-orderable.
Examples up to 12 crossings
Of the nontrivial prime knots with 12 or fewer crossings, 1246 of them are fibred, according to knotinfo, and so we may apply Theorems 4.5 and 4.6. Among these fibred knots, we find that 487 of them have non bi-orderable groups because their Alexander polynomials have no roots in R + , while 12 have bi-orderable groups because all the roots are real and positive. The bi-orderability of the remaining ones, whose Alexander polynomials have some, but not all, roots real and positive, is not known to us.
The table below contains all nontrivial prime knots with 12 or fewer crossings whose groups are known to be bi-orderable. The diagrams were produced using Rob Scharein's program Knotplot.
Knot
Alexander polynomial , 12a 0091 , 12a 0099 , 12a 0101 , 12a 0111 , 12a 0115 , 12a 0119 , 12a 0134 , 12a 0139 ,  12a 0141 , 12a 0142 , 12a 0146 , 12a 0157 , 12a 0184 , 12a 0186 , 12a 0188 , 12a 0190 , 12a 0209 ,  12a 0214 , 12a 0217 , 12a 0219 , 12a 0222 , 12a 0245 , 12a 0246 , 12a 0250 , 12a 0261 , 12a 0265 ,  12a 0268 , 12a 0271 , 12a 0281 , 12a 0299 , 12a 0316 , 12a 0323 , 12a 0331 , 12a 0333 , 12a 0334 ,  12a 0349 , 12a 0351 , 12a 0362 , 12a 0363 , 12a 0369 , 12a 0374 , 12a 0386 , 12a 0396 , 12a 
